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Abstract. Let G be a compact connected Lie group and p : E — » T, 2 V a 
principal G-bundle with a characteristic map a : A=T,V — > G. By combining 
cone decomposition arguments in 13 Tf| with computations of higher Hopf 
invariants introduced in we generalize the result in 1121 : Let {Fi | 0<i<m} 
be a cone-decomposition of G with a canonical structure map <x; of cat(.F;) < i 
for i < m. We have cat(E) < Max(m+n, m+2) for n > 1, if a is compressible 
into F n C _F m ~ G and i?^™ (a) = 0, under a suitable compatibility condition. 
On the other hand, calculations of p] and on spinor groups yields a lower 
estimate for the L-S category of spinor groups by means of a new computable 
invariant Mwgt(— ;F2) which is stronger than wgt(— ;F2) introduced in 1161 
and [HO- As a result, we obtain cat(Spin(9)) = Mwgt(Spin(9); F 2 ) = 8 > 6 = 
wgt(Spin(9);F 2 ). 



Introduction 

The Lusternik-Schnirelmann category cat(Af), L-S category for short, is the 
least integer m such that there is a covering of X by (rn+1) open subsets each 
of which is contractiblc in X. Ganea introduced a stronger notion of L-S cate- 
gory, Cat(X) the strong L-S category of X, which is equal to the cone-length by 
Ganea 0, that is, the least integer m such that there is a set of cofibre sequences 
{Ai — » Xi-i <^-» Xi}i<i< m with Xq = {*} and X m ~ X. Then by Ganea [5], 
we have cat(X) < Ca,t(X) < cat(X) + l. Throughout this paper, we follow the 
notations in |3IHj: For a map / : S k — > X, a homotopy set of higher Hopf invari- 
ants H^(f) — | cr is a structure map of cat(X)<m} (or its stabilisation 
^■m(f) — ^*°-^m(/)) ^ s referred simply as o (stabilised) higher Hopf invariant of 
/, which plays a crucial role in this paper. 

A computable lower estimate is given by the classical cup-length. Here we give 
its definition in a slightly general fashion: 

Definition 0.1 (I. |100. (1) Let h be a multiplicative generalized cohomology. 
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cuppf ; ft) = Min jm > V{v , • • • ,u m € ft*(X)} i> -Ui « m = j. 



(2) cup(X) = Max |cup(X; ft) 



ft is a multiplicative generalized'] 
cohomology J 



_(e*)* : ft*(X) -* ft*(F™(QX)) 
is a monomorphism 



Then we have cup(X; ft) < cup(X) < cat(X) for any multiplicative generalized 
cohomology ft. When ft is the ordinary cohomology with a coefficient ring R, we 
denote cup(X; ft) by cup(X; R). This definition immediately implies the following. 

Remark 0.2. cup(X) = Min |m > A m+1 : X -» A m+1 X is stably trivial} . 

Let {p% x : E k (nX)^P k - 1 (nX) ; fc>l} be the Aoo-structure of SIX in the sense 
of Stasheff j^T| (see also Iwase-Mimura for some more properties) . The relation 
between an ^^-structure and a L-S category gives the key observation in [H| [§] 
to producing counter-examples to the Ganea conjecture on L-S category. On the 
other hand, Rudyak and Strom |18j introduced a homotopy theoretical version 
of Fadell-Husseini's category weight (see which can be described as follows, for 
an element u G h*{X) and a generalized cohomology ft: 

wgt(u;ft) = Min {to > | (e*)*(u) ^ in ft*(P ro (ftX))} , 

wgt(X;ft) = Minjm > 

where denotes the map P m (ClX) <^-> P°°(f2X) ~ X. Then we easily see 

(0.1) wgt(X; ft) = Max{wgt(u; ft) \u G ft*(X)}. 

We remark that wgt(u; ft) = s if and only if u represents a non-zero class in E^* 
of bar spectral sequence {(E*'*, dp*) \ r > 1} converging to h*(X) with E^* = 
Extj^* nx) (ft*, ft*). When ft is the ordinary cohomology with a coefficient ring i?, 
we denote wgt(X;ft) by wgt(X;iZ). In this paper, we introduce new computable 
invariants in terms of (unstable) cohomology operations: 

Definition 0.3. Let h be a generalized cohomology: A homomorphism <j) : h*(X) — » 
h*(Y) is called a h-morphism if it preserves the actions of all (unstable) cohomology 
operations on ft*. 

Definition 0.4 (I. |10|). Let ft be a generalized cohomology and X a space. A 
module weight Mwgt(X; ft) of X with respect to h is defined as follows: 

There is an h-morphism (j) : ft*(P m (fLY)) — > 
h*(X), which is a left homotopy inverse o/(e^)*. 



Mwgt(X; ft) = Min \ to>0 
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When h is the ordinary cohomology with coefficients in a ring R, we denote 
Mwgt(X; h) by Mwgt(X; R). These invariants satisfy the following inequalities: 

cuppf ; R) < wgt{X; R) < Mwgt(X; R) < cat (A"). 

Similar to the above definition of cup(X), we define the following invariants: 

Definition 0.5 (I. [TO]). (f ) wgt(X) = Max |wgt(X; h) | ^X^^} 
(2) Mwgt(X) = Max{Mwgt(X; h) \ h is a generalized cohomology} 

Remark 0.6. Let rcat(— ) be Rudyak's stable L-S category, which is denoted as 
r(-) in [in|. Then we have cup(X) < wgt(X) = rcat(X) < Mwgt(X) < cat(X). 

f. Main results 

From now on, we work in the category of connected CW-complexes and contin- 
uous maps. Let us denote by the /c-skeleton of a CW complex Z. To give an 
upper-bound for L-S category of the total space of a fibre bundle F <^-> E — > B, we 
need a refinement of results of Varadarajan |19| and Hardie .4;, and corresponding 
result for strong category of Ganea |2J: 

Theorem 1.1 ( [TJ H E| ) • (1) cat(F)+l < (cat(F)+l)-(cat(B)+l) 
(2) Cat(F)+l < (Cat(F)+l)-(Cat( J B)+l). 

In |14|. Iwase-Mimura-Nishimoto gave such a refinement in the case when the 
base space B is non-simply connected. But in this paper, we give another refinement 
in the case when the fibre bundle is a principal bundle over a double suspension 
space: Let G be a compact Lie group with a cone-decomposition of length m: 

(m cofibre sequences) K~i A F,;_i Fi, i > 1, 

with Fo — {*} and Fi = F m ~ G, i > m. Then we obtain a k : F& — > P k VLFk for all 
fc < m as a right homotopy inverse of e fc : P fc OF fe -> P°°nF k ~ F fc by induction 
on fc > I. Thus we have the following commutative diagram: 



{*}C 

TO 

{*}C 

eo 



p 1 nF 1 c 



F 



F, 



P m VLF„ 



1 m ? 
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where ek°<Jk ~ If* for all k < m. 

Theorem 1.2. Let G > — > £ 2 V 6e a principal bundle with characteristic map 
a : A=T,V — > G. TTien me /iaue cat (£7) < Max(m+n, m+2) /or n > 1, if 

(1) a is compressible into F n C _F m ~ G, 

(2) £T£" (a) = and 

(3) i/ie restriction of the multiplication /i : GxG — > G to FjxF n C F m xF m ~ 
GxG is compressible into Fj +n C F m ~ G, j>0 as /Xj jfl : FjXF n — » Fj +n 

such that jt/j,n|F.,_iXF n = Hj-l,n- 

Remark 1.3. //we choose n = m+1, then the assumptions QJ) through |3J) above 
are automatically satisfied. Thus we always have Cat(-E) < 2Cat(G) + l which is a 
special case of Ganea's theorem (see Theorem \l.l\ (2)). 

For Spin(9), we first observe the following result. 
Theorem 1.4. Mwgt(Spin(9); F 2 ) > 8 > 6 = wgt(Spin(9); F 2 ). 

These results imply the following result. 
Theorem 1.5. cat(Spin(9)) = Mwgt(Spin(9); F 2 ) = 8. 

2. Proof of Theorem 11.21 

From now on, we work in the homotopy category, and so we do not distinguish 
G and F m . Let G > E — > Y?V be a principal bundle with characteristic map 
a : v4=£V" — > G. The assumptions |QJ and © in Theorem ll.2l allows us to construct 
a filtration {-Efe}o<fc<n+m of E: By using the James- Whitehead decomposition (see 
Theorem 1.15 of Whitehead 200, we have 

E = GU^GxCA, ip — fio(l G xa) : GxA — » G. 

Firstly, we define two filtrations of £ as follows: 

F k , k <n, 

FkU^, k _ n _ 1 Fk-n-ixCA, n<k<m+n, 

F k , k <n, 

F k U^ fc _„ Fk-n><CA, n<k< m+n, 

where ifij = ^ n o(axl) : FjxA — » i*}+ n and £7 = E' m+n which immediately imply 

that cat(.E) = cat(_E^ + „). 



E k = 



EL 
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By using the assumption ©, we obtain the following cofibre sequences, similarly 
to the arguments given in |14j : 

K k+ i -> E k Bfe+i, for < k < n, 

K k+1 V (K k - n *A) —> E k -Bfe+i, for n<k< m+n, 

K k _ n *A -> £ fc 

Similarly to the arguments given in [131 114) . we obtain 

(2.1) cat(-Efc) < k and cat(^) < k+1 for any k > n, 

by induction on fc. The following lemma can be deduced in a similar but easier 
manner to the main theorem of HJ, using H° n (a) — 0, the assumption 

Lemma 2.1. cat(£ , j +n ) < j+n /or all j > and n > 2. 

Lemma |2~T1 and <|2.1[1 imply cat(-E) — c&t(E' m+n ) < Max(m+n, m+2), and hence 
we are left to show Lemma \'2. II 

Proof of Lemma \2.1\ We define a map %pj as follows: 

ipj = o-j +n o[ij n o(ejXa) : P^QFjxA — > pi +n £lFj +n . 

Then we have ^jo(jjXl) = <7 3+ „o l Uj |T jo(ejXa)o((7 3 xl) ~ o~j+ n ofj,j .„o(l xa) = 
(Tj +n o^j and ej +n o^j = e j+n oa 3+n ofj, jn o(e : jXa) ~ fj,j tn o(ejXa) = ^o(ejXl). 
Thus the following diagram is commutative up to homotopy: 



(2.2) 



P r i 



Pi'i 



pr x 



CT,- X 1 



PmFjxA 



F 3 xA 



Fj+n 



pi +n nF. 



3+n 



Fj+n 



Therefore, the space E' J+n — F J+n FjxCA is dominated by P j+n flFj +n U^. 
P 3 Q,FjXCA. Since a satisfies H^ n (a) — 0, we have the following commutative 
diagram up to homotopy: 



.4 



F„ 



Sadc 



p n nF n 
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where ad a : V — ► QF n is the adjoint map of a : A=T,V — * F n . Thus a n oa 
is compressible into Ef2P n . Since Cat(P 8 QP,x£fiP n ) < i+1 for i < j, we have 
i J j\p i nF j x , snF n can be compressible into P t+1 flFj +n for i < j. Thus we have the 
following cone decomposition of P 3+ "£lPj + „ P^ilFjxCA: 

VF j+n -> {*} ^ P l nF ]+ni 

E 2 flF j+n VA -> P^-flFj+n P 2 nF j+n UCA, 



E l nF j+n VE l - 2 nF 3 *A -> P i - 1 D,F j+n \jP i -^VtF j xCA 

P^Fj+nUP^QFjXCA, 



E :i+2 nF ]+n \/E j nF j *A -» p^ +1 nF j+n up j - 1 nF j xCA 



pi+ZQFi+nllPmFj xCA, 



E j+n nF j+n -> Pi+^flFj+n U^. PmFjxCA <-> P3 +n nF 1+n U^. P J 'QP,xCA 

This implies Cat(PJ+"OF :!+ „ U^. PJQPjXCA) < j+n for all j > and n > 2, and 
hence cat(K +n ) = cat(P,- + „ U FjXCA) < j+n for all j > and n > 2. □ 

This completes the proof of Theorem 1 1.21 

3. Bar spectral sequence 

To calculate our module weight Mwgt(X; F2) together with wgt(X; F2), we need 
to know the module structure of fP(P m (Spin(9)); F2) over the Steenrod algebra 
modulo 2. By Ishitoya-Kono-Toda [5], Hamanaka-Kono [3J and Kono-Kozima |15|. 
the followings are known: 

#*(Spin(9);F 2 ) = W 2 [x 3 ]/(xl)®A ¥2 (x 5 ,x 7 ,x 15 ), 

Sq 2 x 3 = x 5 , Sq 1 x 5 = x 6 , x l G iP(Spin(9); F 2 ), 

i?*(riSpin(9);F 2 ) = Af 2 (u 2 )<g>F 2 [M 4 , u 6 , u 10 , u u ], 

UiSq 2 = u 2 , u w Sq 2 = u% uuSq 4 = u w , u 2i £ ff 2i (£!Spin(9); F 2 ), 

where we denote by A^a^, ■ • ■ , Qj t ) the exterior algebra on a^,--- , <2j ( over R. 
We remark that the cohomology suspension of x 2 i+i is non-trivially given by uu 
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for i = 1, 2, 3 and 7. To determine P*(P m (Spin(9)); F 2 ), we have to study the 
bar spectral sequence (E*'*,d*'*) converging to P*(Spin(9); F 2 ): 

s 

E s,t ^^+t(p«(nSpin(9)),P s - 1 (nSpin(9));F 2 )^#*(/\OSpin(9);F 2 ) ) 
D «,t ~ j/*+f(p*(ns P in(9));F 2 ), 

P2'* = Ext^* (nSp . n(9) . F2) (F 2 ,F 2 ) = F 2 [ari i2 ]iS)AF a (aii ) 4,a;i,6,a:i,iQ,xi,u), 

£^*^#*(Spin(9);F 2 ) ^¥ 2 [x lt2 ]/(xi <2 )®Aw 2 (x 1A ,x 1 , 6 ,x 1M ), 

where Xi, 2 , Xi,4, a^i,6 and £1,14 are permanent cycles by |15j . Therefore, there is 
only one differential d a (2:1,10) (a > 2) which is possibly non-trivial, and we have 
E*<* S E*'* and S P^*. Since x 3 is of height 4 in PP(Spin(9); F 2 ), we have 

^0(^1, 10) = x \ 2-1 an d hence a — 3. Thus we have the following: 

d r = if r ^ 3, cfa^i,;) = if % ^ 10, ^3(^1, 10) = %i, 2 , 
P*'* = E^* = F 2 [xi, 2 ](8»AF a (a;i,4) 2:1,6, ^1,10,^1,14), 

El'* = P^* = F 2 [xi, 2 ]/(xi )2 )(g>Af' 2 (xi,4,xi,6, 2:1,14). 

By truncating the above computations with the same differential d r to the spectral 
sequence for P m (Spin(9)) of Stasheff's type (similar to the computation in [5]), we 
are lead to the following proposition, and we leave the details to the reader. 

Proposition 3.1. Let A = F 2 [x3]/(xf)(8>AF 2 (x5, 2:7, £15). Thenform>0, we have 

{AW=F 2 , ifm = 0, 

AW ©xirAl" 1 " 1 ] ®S m , «/3>m>l, 
AHe^.^-fl/iMl)©^, if m > 4 

as modules, where A^ (m > 0) denotes the quotient module A/D m+1 (A) of A 
by the submodule D m+1 (A) C A generated by all the products of m+1 elements 
in positive dimensions, Xn-(j4i m-1 ] /A^ m ~^) (m > A) denotes a submodule cor- 
responding to a submodule in F 2 [x3]/(x|)<8>Af 2 (X5, X7, xn, X15) and S m satisfies 
S m -iP (P m (Spin(9));F 2 ) - and S m \ P m-x {Spinm = 0. 

Some more comments might be required to the second direct summand of the 
above expressions of P*(P m (Spin(9)); F 2 ), m > 4. The multiplication with x\\ is 
a fancy notation to describe the module basis and not a usual product. However, 
we may regard it is a partial product in the sense introduced in the next section. 
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4. Partial products 

n n 

Since a diagonal map A^ x = fl(A x ) : QX -> J| f7X = X) is a loop map, 

it induces a map of projective spaces: 

n 

P m (A% x ) : P m (flX) -> P m (f7(Qx)), 

such that ej^ X oP m (A^ x ) ~ A^oe^. As is seen in the proof of Theorem 1.1 in 
[2| , there is a natural map 

n 

:P ro (n(JJX)) |J /"'(MJx-.-xP 1 -^!) 

ilH Mn = 771 

cP m (fLY)x---xP m (fL?f) 

such that {e x x • ■ • xe*)o^ = e^" x . Let A*< m = ip x oP m (A% x ), which we call 
the n-th partial diagonal of X of height m, or simply a partial diagonal 

A X,m . pmjjjj) JJ pH(QX)X ■ • • Xp"(M) 

iiH \-i n —711 

C P m (M)x---xP m (M) 

such that (e^jx • ■ • xe^)oA^ ,m ~ A^oe^. This partial diagonal also yields the 
reduced version 

A*' m : P m {VLX) -> y P 1 (OJT)A • • • AP 4 " (OAT) 

hH \-i n —m 

C P m -" +1 (M)A • • • AP" l -" +1 (fiX) 

such that (e m _ n+1 A • • • Ae m _„ +1 )oA„ - A„ oe m , where A„ : X -> A ^de- 
notes the reduced diagonal. Let us call AJ^'™ the n-th reduced partial diagonal of 
X of height m, or simply a reduced partial diagonal. 

As is well-known, the product of a multiplicative generalized cohomology h is 
given by (reduced) diagonal, i.e., 

—X — — 

v\ v n = (A„ • ■ • <E)v n ) e for any ui, • ■ • ,t)„6 h*(X), 

where h denotes the reduced cohomology associated with h. So it is natural to 
define a 'partial' product as the following way: 

Definition 4.1. For any elements i>i,--- ,v n € H* (Y,£IX;F2) which are restric- 
tions of elements in H*(P m ~ n+1 (flX); ¥2), we define a partial product v\ v n = 

(A^' m )>i® • • • ®t>„) m H*(P m (nX);¥ 2 ). 
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Remark 4.2. Since x\\ can be extended to an element in P^*(P 3 (ilSpin(9)); F 2 ), 

/~A~Spin(9),m. , , „ 

we have partial products xn-v\ Wn-i = (A n _ 1 ) (xii€5vi<8> • • ■ ®v n -\ j for 

any elements v%,--- ,v n -i S P*(P 3 (ilSpin(9)); F2), m— 2 < n < m. In the direct 
sum decomposition of iP(P m (f2Spin(9)); Fa) given in Proposition \H. 11 the direct 
summand xii-(A^ m ~^ /A^ 71 ^) is generated by such partial products. 

5. Proof of Theorem 11.41 

Wc know and Xxx-x^x^xj exist non-trivially in iP(P 8 (f2Spin(9)); F 2 ) 

but xn-x\x§x 7 does not exist in iP(P 9 (f2Spin(9)); F2) by Proposition 13.11 To 
observe what happens on the element xn-x^x^xi in P*(P 8 (ilSpin(9)); F2), we 
must recall the bar spectral sequence (E*'*, d*'*): 

[(pg Spm(9) )*(a;ira;3X 5 x 7 )] = d^(x\ ■ 2 x lt ±x ll 6^1,10) = ±x[ 2 xi A xi. & ^ in 

where we denote by [j3\ the corresponding class in E$'* to an element f3 £ E*'*. Thus 
(pQ Spin(9) )*(xlx 5 x 7 x n ) ^ OinPi'* = J ff*(A 9 fiSpin(9);F 2 ), and hence x lv x\x 5 x 7 
does not exist in PP(P 9 (ftSpin(9)); F 2 ), but does in P*(P 8 (f7Spin(9)); F 2 ). 

By US], we know Sq 4 {x 11 ) = x 15 in P*(P 1 (Spin(9));F 2 ), and hence Sq i (x 11 ) = 
X15 modulo S3 in P*(P 3 (Spin(9));F 2 ) for dimensional reasons. Thus we have 

(5.1) Sq 4 {xn-xlx 5 x 7 ) = x\x 5 x 7 x 15 , in PP(P 7 (f2Spin(9)); F 2 ). 

(5.2) Sq 4 {x lv xlx 5 x 7 ) = xlx 5 x 7 x 15 + w, w 6 S 8 in PP(P 8 (ftSpin(9)); F 2 ). 

The equation l|5.1(l implies that any left inverse epimorphism of (ey pm ^)* 

: P*(P 7 (f>Spin(9));F 2 ) -> P*(Spin(9); F a ) 

does not preserve the action of the modulo 2 Steenrod operations: If such a epimor- 
phism <fi did preserve the action of the modulo 2 Steenrod operations, the element 
()){x\xk > x 7 Xx5) = xfiX5X 7 xi5 in iP(Spin(9); F 2 ) should lie in the image of Sq , since 
X3X5X7X15 lies in the image of Sq 4 in PP(P 7 (£lSpin(9));F 2 ) by l|5.1(l . It contradicts 
to the fact that P 32 (Spin(9); F 2 ) = 0. Thus we have Mwgt(Spin(9); F 2 ) > 8. 

On the other hand, we can easily see that each generator of P*(Spin(9); F 2 ) = 
F 2 [s3]/(x|)(g)AF 2 (a:5, x 7 , X15) has category weight 1, and hence by (|0.1(l . we have 
wgt(Spin(9); F 2 ) = 6. This completes the proof of Theorem 1 1.41 
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6. Proof of Theorem 11.51 

By ^2], we can easily see that Spin(7) admits a cone decomposition which sat- 
isfies the condition [3] in Thcorem ll.2l Since X\5 € i? 15 (Spin(7)); F2) is the modulo 
2 reduction of a generator of -ff 15 (Spin(7); Z) = Z, the image of the attaching 
map a of the 15-cell corresponding to X15 must lie in Spin(7)^ 13 - ) the 13-skeleton 
of Spin(7), where Spin(7)^ 13 ^ is contained in i 7 3(Spin(7)). To observe that the at- 
taching map a satisfies the condition of Theorem 11.21 with n = 3, we need to show 
that Hp (a) = 0. Then we obtain cat(Spin(9)) < Cat(Spin(7))+n = 5+3 = 8 by 
Theorem II. 21 while we know Mwgt(Spin(9); F2) > 8 by Theorem II .41 and hence 

cat(Spin(9)) = Mwgt(Spin(9); F 2 ) = 8. 

Let (T3 : F3(Spin(7)) — » P 3 (£lP3(Spin(7))) be the canonical structure map of 
cat(F 3 (Spin(7))) = 3. Then we are left to show that Hp {a) = 0. By definition, 

Hp (a) : S 14 - P 4 (f>P 3 (Spin(7))), 

where F 3 (Spin(7)) = G 2 n) U ECP 2 £CP 3 U (higher cells > 8). Since f>G< n) has the 
homotopy type of CP 2 U (higher cells > 6), we know r2P3(Spin(7)) has the homo- 
topy type of CP 3 U (higher cells > 6). Thus we observe that F 4 (flF 3 (Spin(7))) has 
the homotopy type of 

E 3 CP 3 AS 2 AS 2 AS 2 U £ 3 CP 2 ACP 2 ACP 2 ACP 2 U (higher cells > 15). 

It is well-known that ECP 3 = ECP 2 U W3 e 7 , uj 3 : S 6 -> S 3 C ECP 3 , and 
hence we have E 3 CP 3 AS 2 AS 2 AS 2 = S 3 CP 2 A5 2 A5 2 A5 2 U 2i/11 e 15 , since u n = 
1v n for n > 5. An easy computation on the cohomology groups shows that 
CP 2 ACP 2 has the homotopy type of (E 2 CP 2 V S 6 ) Up e 8 , : S 7 A S* 7 VS* 7 
81/4 Vt? > S^VS 6 C E 2 CP 2 V 5 6 , where \i denotes the unique co-Hopf structure of 
S 7 . Then we obtain, up to higher cells in dimension > 10, that [(S 2 CP 2 V S e ) Up 
e 8 ]ACP 2 = (S 2 CP 2 ACP 2 VE 6 CP 2 )U S 2 /3 e 10 = (E 2 CP 2 ACP 2 U 3 „ e e 10 )VE 6 CP 2 = 
(S 4 CP 2 U 3! , 6 e 10 V S 8 ) U S 2 /3 e 10 V S 6 CP 2 = S 4 CP 2 U 3! , 6 e 10 V S 6 CP 2 V S 6 CP 2 . 
Hence we have, up to higher cells in dimension > 12, that [(E 2 CP 2 V S 6 ) Up 
e 8 ](AS 2 CP 2 VS' 6 ) = (£ 6 CP 2 U 3 ^e 12 )V£ 8 CP 2 V£ 8 CP 2 Vl] 8 CP 2 . Thus we obtain 
that £ 4 (ftF 3 (Spin(7))) = £ 3 CP 3 AS 2 AS 2 AS 2 U S 3 CP 2 ACP 2 ACP 2 ACP 2 has the 



LUSTERNIK-SCHNIRELMANN CATEGORY OF Spin(9) 



11 



homotopy type of 

Z 3 CP 3 AS 2 AS 2 AS 2 U £ 3 [(X 2 CP 2 V S 6 ) Up e 8 ]A(£ 2 CP 2 V S 6 ) 

U (£ 2 CP 2 V S ,6 )A[(E 2 CP 2 V S 6 ) U/3 e 8 ] U (higher cells > 15), 
= (£ 9 CP 2 U 3vil e 15 Ujjuu e 15 ) V E n CP 2 V S n CP 2 V FJ n CP 2 U (higher cells > 15) 
= (£ 9 CP 2 U m e 15 ) V S n CP 2 V S n CP 2 V E n CP 2 U (higher cells > 15). 

Then an elementary computation shows that 7Ti4(P 4 (£!p3(Spin(7)))) = 0, and 
hence H^ 3 (a) = 0. This completes the proof of Theorem 1 1.51 
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